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Topological phases with a widely tunable number of edge modes have been extensively studied as
a typical class of exotic states of matter with potentially important applications. Although several
models have been shown to support such phases, they are not easy to realize in solid-state systems
due to the complexity of various intervening factors. Inspired by the realization of synthetic spin-
orbit coupling in a cold-atom system [Z. Wu et al., Science 354, 83 (2016)], we propose a periodic
quenching scheme to realize large-topological-number phases with multiple edge modes in optical
lattices. Via introducing the periodic quenching to the Raman lattice, it is found that a large number
of edge modes can be induced in a controllable manner from the static topologically trivial system.
Our result provides an experimentally accessible method to artificially synthesize and manipulate
exotic topological phases with large topological numbers and multiple edge modes.
I. INTRODUCTION
Since the discovery of the quantum Hall effect [1], ex-
otic phases with topologically protected edge modes have
attracted extensive attention in the past decades. The
study in this field has enriched our understanding of topo-
logical nature of matters, and has led to the discovery of
topological insulators [2, 3], topological superconductors
[4], Weyl semimetals [5–10], and photonic topological in-
sulators [11–15]. An intriguing direction in this field is
to seek for novel phases with large topological numbers.
Such phases can provide more edge modes, which are
expected to improve performance of certain devices by
lowering the contact resistance in quantum anomalous
Hall insulators [16, 17]. They may also be used to re-
alize reflectionless waveguides, combiners, and one-way
photonic circuits in photonic devices [18–20]. Although
theoretical studies suggest several models that support
such phases [20, 21], an experimental realization is not
easy due to the complication of interplay among various
types of degrees of freedom in solid-state systems.
Another possible route toward realizing topological
phases is to periodically drive a traditional insulator to
become a so-called Floquet topological insulators. The
band structure of a given system can be drastically al-
tered by periodic driving, such as an electromagnetic field
[22–27] and periodic quenching [28–38]. In addition, pe-
riodic driving can also induce an equivalent long-range
hopping which is crucial for certain exotic topological
phases [39, 40]. However, the implementation of these
schemes is usually difficult in veritable materials. Re-
cently, the realization of synthetic spin-orbit coupling
via Raman transition has paved the route toward quan-
tum emulation of topological systems in ultracold atomic
gases [41–44]. Owing to the high controllability therein,
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FIG. 1. Scheme of periodically quenched optical lattices. An
effective spin-orbit coupling of atoms with Λ-type level struc-
ture in (a) 1D and (b) 2D optical lattices is synthesized by the
Raman transition driven by a standing (red) and a running
wave (blue).
cold atoms confined in traps and optical lattices provide
a promising platform to synthesize and study topological
matters, as demonstrated in various examples [45–54].
In this work, we investigate exotic phases with large
topological numbers of the cold-atom systems confined
in an optical lattice with synthetic spin-orbit coupling
implemented by a Raman lattice. By periodically driv-
ing the offset phase between the Raman lattice and the
optical lattice, we find that a widely tunable number of
edge modes can be generated at ease in both the one-
(1D) and two-dimensional (2D) cases. A criterion to de-
termine the change of topological numbers when chang-
ing the driving parameters across the phase boundaries
is established. As the experimental techniques of Raman
lattice and periodic driving both have been successfully
demonstrated in cold-atom systems, our proposal can be
readily implemented.
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2II. FLOQUET TOPOLOGICAL PHASES
We are interested in topological phase transitions in a
time-periodic system Hˆ(t) = Hˆ(t + T ) with period T .
The Floquet theorem promises a complete basis |uα(t)〉
from [Hˆ(t) − i~∂t]|uα(t)〉 = εα|uα(t)〉. Here |uα(t)〉
and εα play the same role as the stationary states and
eigen energies in static systems. They are called qua-
sistationary states and quasienergies [55, 56]. It is in
the quasienergy spectrum that the topological properties
of our periodic system is defined. The Floquet equa-
tion is equivalent to UˆT |uα(0)〉 = e−iεαT/~|uα(0)〉, where
UˆT = Te−i/~
∫ T
0
Hˆ(t)dt is the evolution operator with T
being the time-ordering operator. Thus, UˆT defines an ef-
fective static system Hˆeff ≡ i~T ln UˆT that shares the same
(quasi)energies with the periodic system. Then one can
use the well-developed tool of topological phase transi-
tion in static systems to study periodic systems via Hˆeff.
To facilitate understanding of the underlying physics,
we consider a Hamiltonian H(k) = h(k) · σ with the
parameter in h periodically quenched between two cho-
sen h1 and h2 within the respective time duration T1
and T2 [57]. Applying the Floquet theorem, we ob-
tain Heff(k) = heff(k) · σ [40] with the Bloch vector
heff(k) = − arccos(ε)r/T and
ε = cos |T1h1(k)| cos |T2h2(k)| − h1 · h2
× sin |T1h1(k)| sin |T2h2(k)|, (1)
r = h1 × h2 sin |T1h1(k)| sin |T2h2(k)| − h2 cos |T1h1(k)|
× sin |T2h2(k)| − h1 cos |T2h2(k)| sin |T1h1(k)|, (2)
where T = T1 + T2 and v ≡ v/|v| is the unit vector
of v. The topological properties of the system are cru-
cially dependent on the presence or absence of the chiral
symmetry, which is tunable by the periodic quenching
[58–60]. For example, the chiral symmetry is present
if UcH(k)U−1c = −H(k), which is obviously satisfied
by Uc = σα when the α-component of heff is absent.
Thus the chiral symmetry is present if the Bloch vector
has only two components. Supplying a good way to re-
cover the chiral symmetry by eliminating a component
of heff(k), the periodic quenching can be used to gener-
ate topological phases in different classes, e.g., multiple
Majorana edge modes in Kitaev chains [61]. Note that
if both of Hj(k) have the identical chiral symmetry and
Uc, a unitary transformation can convert Heff(k) into the
one with the same chiral symmetry (see Appendix A).
Different from the static case, the edge modes for
the periodically driven system can occur at both of the
quasienergies 0 and pi/T . It means that two topological
invariants which separately count the edge modes at 0
and pi/T are generally needed [58]. The topological phase
transition is associated with the closing and reopening of
the quasienergy bands. We obtain from Eq. (2) that the
bands close when
h1 = ±h2, (3)
T1|h1(k)| ± T2|h2(k)| = npi, n ∈ Z, (4)
with quasienergy being zero (±pi/T ) for even (odd) n, or
Tj |hj(k)| = njpi, nj ∈ Z. (5)
As the sufficient condition for judging the phase transi-
tion, Eqs. (3)-(5) offer a guideline to design the quench-
ing scheme to generate various topological phases at will.
III. COLD-ATOM SYSTEM
Inspired by the experimental realization of synthetic
spin-orbit coupling in cold-atom systems [41–44], we con-
sider setups in d dimensions (d = 1, 2) as depicted in Fig.
1. The Hamiltonian is
Hˆ = p2/2m+ Vlat(r) +M(r) · σ +mzσz, (6)
where mz is the Zeeman splitting, Vlat(r) =∑d
j=1 Vj cos
2(k0rj) is the optical lattice, and M(r)
is the Raman lattice. Vlat(r) is formed by a standing
wave E = zˆE cos(k0x) for d = 1, and by two standing
waves E1 = zˆE1 cos(k0x) and E2 = xˆE2 cos(k0z)
for d = 2 of frequency ω1. M(r) is formed by
the combined actions of the aforementioned stand-
ing waves and additional running waves, which
take the form E′ = xˆE′ei(k0z+ϕz) for d = 1, and
E′1 = xˆE
′
1e
i(k0z+ϕz) and E′2 = zˆE
′
2e
i(−k0x+ϕz−δ) for
d = 2 of frequency ω2. Here, ϕz is the initial phase
and δ = L|ω2 − ω1|/c with L being the optical path
difference. The lattice potentials Vlat(r) and M(r)
together induce a two-photon Raman transition between
the near-degenerate ground states |g↓,↑〉 mediated
by the excited state |e〉 [62]. By adiabatically elim-
inating |e〉, we have M(r) = (Meiϕz cos(k0x), 0, 0)
with M ∝ EE′ for d = 1, and M(r) =
eiϕz [Mx cos(k0x) sin(k0z),Mz cos(k0z) sin(k0x), 0] for
d = 2 with Mx ∝ E1E′1 and Mz ∝ E2E′2 when δ = pi/2.
Expanding Eq. (6) in the basis of s-band Wannier
functions φjsσ(r), we obtain
Hˆ = −
∑
〈i,j〉,σ
vij0 cˆ
†
iσ cˆjσ +
∑
〈i,j〉
[vijsocˆ
†
i↑cˆj↓ + H.c.]
+
∑
i
mz(cˆ
†
i↑cˆi↑ − cˆ†i↓cˆi↓), (7)
where 〈i, j〉 denotes that the summation is subjected
to nearest neighbors, vij0 =
∫
ddrφisσ(r)[p
2/2m +
Vlat(r)]φ
j
sσ(r), and v
ij
so =
∫
ddrφis↑(r)[M(r) · σ]φjs↓(r)
[43]. Owing to the periodicity of the potential, we have
vii±10 ≡ v0 for both the 1D and 2D cases. Also, one can
verify that vii±1so = ±(−1)ixvso for d = 1, and vix,ix±1so =
±(−1)ix+izvso and viz,iz±1so = ±i(−1)ix+izvso for d = 2
[63, 64]. Defining cˆj↓ → eipijcˆj↓ and making the Fourier
transform cˆiσ =
1√
N
∑
k cˆkσe
−ik·r with N being the to-
tal site number, we obtain Hˆ =
∑
k∈BZ C
†
kh(k) · σCk
with C†k = (cˆ
†
k↑, cˆ
†
k↓) and the summation over the first
3Brillouin zone (BZ). The Bloch vectors h(k) read
h1D(k) = (0, 2vso sin k,mz − 2v0 cos k), (8)
h2D(k) = [2vso sin kz, 2vso sin kx,
mz − 2v0(cos kx + cos kz)], (9)
where the lattice constant has been set to one. The
particle-hole symmetry is naturally kept. Because
h1D(k) has two components, the static Hamiltonian pos-
sesses the chiral symmetry with Uc = σx and belongs
to the symmetry class BDI [65, 66]. The topologi-
cal properties are characterized by the winding number
W = 12pi
∫ pi
−pi dk〈uk|i∂k|uk〉 with |uk〉 the Bloch states of
the 1D Hamiltonian. When |mz| < 2|v0|, the system has
W = ±1 and hosts one pair of edge modes [67]. The topo-
logical property for d = 2 is described by the Chern num-
ber C = 12
∑
k∈Dz sgn[h2D(k)]zCh(k) for the lower band,
where Ch(k) = sgn[∂kxh(k) × ∂kzh(k)]z is the chirality
and Dz is the set of band-touching points for h(k) exclud-
ing the z component [68]. The system has C = sgn(mz)
and one pair of edge states when |mz| < 4|v0| [62].
To realize the phases with larger topological numbers
and more edge modes than the static cases, we consider
an experimentally accessible periodic-quenching protocol
vso(t) =
{
A1, t ∈ [mT,mT + T1)
A2, t ∈ [mT + T1, (m+ 1)T ). m ∈ Z (10)
It is achievable by either tuning the Raman lattice depth
M or changing the phase ϕz of the running waves.
IV. NUMERICAL RESULTS
A. Periodic quenching in 1D case
Choosing T1 = T2 ≡ T/2 and A2 = −A1 ≡ vso by
pairwisely changing ϕz between 0 and pi, we find that the
y component of heff(k) is zero. Thus Heff(k) keeps the
chiral symmetry and still belongs to the symmetry class
BDI. From Eqs. (3), (4), and (8), we have the conditions
for the bands closing as follows.
Case I: T |hj(k)| = 2npi. If this is satisfied for some k
at a certain T , then for any subsequent T one always has
a k that holds the condition. Thus the bands keep closed
at the zero quasienergy and no phase transition occur.
Case II: h1(k) = −h2(k). Equation (3) requires k =
arccos(mz/2v0). Further with Eq. (4), we obtain n = 0.
Thus, the bands always touch at the zero quasienergy
irrespective of T and no phase transition can take place.
Case III: h1(k) = h2(k). Equation (3) reveals the
bands touch at k = 0 or pi. Using Eq. (4), we have
nα = T |mz − 2eiαv0|/pi (11)
for nα ∈ Z and α = 0, pi, and heff(α) = (0, 0,mz−2eiαv0).
The phase transition at zero quasienergy for even nα re-
quires |mz| < 2|v0| like the static case, which causes the
FIG. 2. (a) Quasienergy spectrum and (b) winding number
of the 1D system by changing T . (c) Quasienergies in open
boundary condition when T = 2.4pi/Er (green diamond),
6.7pi/Er (blue cross), 9.2pi/Er (red circle), and 20.0pi/Er
(black block). (d) Site distribution of the edge states when
T = 9.2pi/Er. We use mz = 0.5Er, v0 = 0.15Er, and
vso = 0.4Er.
existence of a definite k such that the bands keep closed
according to Case II. It in turn rules out the phase tran-
sition at the zero quasienergy. Thus a phase transition
occurs only for odd values of nα satisfying Eq. (11).
Figures 2(a) and 2(b) show the quasienergy spectrum
and the winding number with changing T . The parame-
ters |mz| > 2|v0| are chosen such that the static systems
are topologically trivial. The nontrivial phases are in-
duced when the periodic quenching is on [see Fig. 2(a)
with Er = ~2k20/2m being the recoil energy]. For small
T , Eq. (5) is not fulfilled and a finite band gap exists at
the zero quasienergy. With increasing T , the gap remains
closed due to Case I. However, the gap at ±pi/T is closed
and reopened at TEr/pi = 1.25, 3.75, 5.0, 6.25, and 8.75
accompanied by the corresponding change ofW [see Fig.
2(b)]. They correspond to Eq. (11) with nα = 1pi, 3pi,
−10, 5pi, and 7pi, respectively. Figure 2(c) shows that
the number of degeneracy of the formed bound modes
exactly equals to |W|, as required by the bulk-edge cor-
respondence [58]. More bound modes are achievable with
further increasing T . As expected, all the bound modes
are highly confined at the edges [see Fig. 2(d)].
To reveal how W changes when T crosses the phase
boundaries, we check the change rate of heff(k) across
the quasienergy ±pi/T at α, i.e., lim→0 ∂kheff(k)
∣∣
k=α
at
T = T−. The Bloch vectors near α read hj(α+eiαδ) =
[0, (−1)j2vsoδ,mz−2eiαv0] with δ being an infinitesimal.
Then we have Theff(α+ e
iαδ) = [ 4vsoδmz−2eiαv0 , 0, sgn(mz −
2eiαv0)
′
α] with 
′
α = |mz − 2eiαv0|. Reminding that
nα is odd, we can easily find that the bands touch at
4FIG. 3. Trajectories of heff(k) in the 1D case for T (red dashed
lines) and T + ∆T (blue solid lines) crossing the boundaries
of α = 0 marked by • and pi by F. The parameters satisfy
mz − 2eiαv0 > 0 in panel (a) and panel (b) and < 0 in panel
(c) and panel (d). We use ∆T = 0.002pi/Er, vso = 0.05Er,
and (mz/Er, v0/Er, TEr/pi) = (0.5, 0.15, 1.249) in panel (a),
(0.6, 0.16, 3.571) in panel (b), (−0.6, 0.05, 1.999) in panel (c),
and (−0.7, 0.25, 2.499) in panel (d).
sgn(mz − 2eiαv0)pi/T . The change rates of heff(k) are
lim
→0
T∂kheff(k)|k=α = ( 4e
iαvso
mz − 2eiαv0 , 0, 0), (12)
with which the change rule of W can be obtained.
For mz − 2eiαv0 > 0, the bands for both α = pi and 0
touch at pi/T . Equation (12) reveals that heff(k) crosses
pi/T along the −x (or +x) direction for α = pi (or 0)
with increasing k. This is confirmed by the dashed lines
in Figs. 3(a) and 3(b). Since only the first Brillouin zone
[−pi/T, pi/T ) of the quasienergy is meaningful, heff(k)
abruptly jumps from pi/T − δ to −pi/T + δ keeping the
direction unchanged when T crosses the phase bound-
ary [see the solid lines in Figs. 3(a) and 3(b)]. Then
a closed path with a clockwise wrapping to the origin is
formed in Fig. 3(a) with k running over [−pi, pi). It causes
W changing from 0 to −1. Before the phase transition,
heff(k) wraps the origin twice in the clockwise direction
[see Fig. 3(b)] indicatingW = −2. After the phase transi-
tion, an anticlockwise path is formed andW = −1. Thus
W decreases (or increases) 1 with increasing T across the
phase boundary of α = pi (or 0). This can be confirmed
by mz−2eiαv0 < 0, where the bands for both α = pi and
0 touch at −pi/T . Figures 3(c) and 3(d) demonstrate the
cases thatW changes from 1 (dashed line) to 0 (solid line)
and from 1 (dashed line) to 2 (solid line), respectively.
The change ofW can be verified by the phase diagram
in Fig. 4. The solid and dashed lines depict the phase
FIG. 4. Phase diagram in the 1D case. The red solid and
black dashed lines are phase boundaries from Eq. (11) with
nα labeled explicitly. We use mz = 0.5Er and vso = 0.05Er.
boundaries analytically evaluated from Eq. (11). With
increasing T , W increases 1 through a solid line and de-
creases 1 through a dashed line. Note that the phases
with large W and multiple edge modes can be obtained
at large T . The physics behind this originates from the
ability of periodic driving in effectively engineering the
long-range hopping [61]. However, we face a tradeoff be-
tween the increased number of edge modes and the de-
creased gap in the quasienergy spectrum. Considering
the necessary protection of the edge modes by a nonzero
bulk gap, one may not want to push our driving protocol
too far. The phase diagram gives a map for experimen-
tally designing the parameters to engineer exotic topo-
logical phases. We emphasize that the findings above are
qualitatively valid in the general case with T1 6= T2 (see
Appendix A).
B. Periodic quenching in 2D case
Using the protocol Eq. (10), a widely tunable num-
ber of edge modes can also be generated in the 2D case.
Without loss of generality, we choose T1 6= T2. It can be
proved that both of Eq. (3) with “−” and Eq. (5) do
not support phase transition (see Appendix B). Equation
(3) with “+” reveals the band-touching points k = (α, β)
with α, β = 0, or pi, such that Eq. (4) reads
T |mz − 2(eiα + eiβ)v0| = npi. (13)
Thus, the bands touch at pi/T (0) for odd (even) n.
As depicted in the phase diagram Fig. 5(a), a tunable
C ranging from −2 to 2 can be formed. The bound-
aries match well with Eq. (13). In the same mech-
anism, when T increases across the phase boundaries,
heff(k) has an abrupt jump in sign at k = (α, β). It
5FIG. 5. (a) Phase diagram in the 2D case. The black (red)
lines are from Eq. (13) with α = β = 0 (pi) and n labeled
explicitly. The white dashed line depicts the case of (α, β) =
(0, pi) or (pi, 0). (b) Quasienergy spectrum and (c) site dis-
tribution of the edge states with z direction opened when
(v0/Er, TEr/pi) = (0.3, 2.6). The blue solid (red dashed) lines
marked by 4, , and ◦ are the zero (pi/T ) modes. We use
mz = 0.5Er, vso = 0.28Er, and (T1, T2) = (0.7, 0.3)T .
causes the change of the wrapping time of heff(k) to
the origin of the BZ. The chirality Ch(k) for k = (0, 0)
and (pi, pi) is −1 (see Appendix B). Thus when T in-
creases across the phase boundary contributed by these
two points, ∆C is sgn[mz − 2v0(eiα + eiβ)] for odd n and
−sgn[mz−2v0(eiα+eiβ)] for even n, respectively. This is
verified by the black and red lines in Fig. 5(a). The chi-
rality Ch(k) for k = (0, pi) and (pi, 0) is +1. Both of the
points contribute to ∆C being 2sgn[(−1)nmz], as verified
by the white dashed line in Fig. 5(a).
The quasienergy spectrum in Fig. 5(b) reveals that
although C = −2, there are six independent edge states.
The bulk-edge correspondence can be recovered by con-
sidering the respective contribution of pi/T - and zero-
mode edge states to C [69, 70]. Figure 5(c) shows the site
distribution of the six edge states with a positive group
velocity ∂kxε, where the number of the zero and pi/T
modes are both three. Two of the zero modes locate at
the left edge and one at the right, which gives C0 = −1.
Two of the pi/T modes reside at the right and one at the
left, which gives Cpi = −1 (see Appendix B). The total
Chern number is C = Cpi + C0 = −2.
V. DISCUSSION AND CONCLUSION
Our result is realizable in the state-of-the-art of cold-
atom experiments [41–44]. The topological phase transi-
tion in the static case of a 87Rb degenerate gas has been
observed in Ref. [43]. The Zeeman splitting mz = 0.1 ∼
0.6Er, the spin-conserved hopping v0 = 4.1 ∼ 5.0Er,
and the spin-orbit coupling vso as high as 1.3Er have
been realized. The parameters used in our calculation are
under the scope of this experimental achievement. Via
pairwisely changing the phase ϕz of the running waves
between 0 and pi, no extra burden to the experiment is
introduced by our periodic quenching protocol. An es-
timation for the 87Rb in the optical lattice formed by
the red laser gives Er ' 25kHz, which conveys from our
phase diagrams in Figs. 4 and 5(a) the scale of the period
T ' 0.2ms. The topological numbers for our periodic sys-
tem are hopefully detected by linking numbers [71] via
observing the cyclic evolution governed by Hˆ(t) of the
ground state of Hˆ(0), where several periods of driving
may be generally needed.
In summary, we have proposed a periodic quenching
scheme to generate exotic phases with large topological
numbers and multiple edge modes both in 1D and 2D
cold-atom systems. Resorting to the periodic switch-
ing of the phase of the Raman lattice between 0 and
pi, our scheme can be readily implemented in experi-
ments with existing techniques of synthesizing spin-orbit
coupling [41–44], and supplies an avenue to controllably
design topological devices in an experimentally friendly
way.
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Appendix A: Recovered chiral symmetry in the 1D
case when T1 6= T2
In this appendix, we show that the chiral symmetry in
the 1D case when T1 6= T2 can be recovered by a unitary
transformation. This supplies another subtle way to en-
gineer the large topological number in systems belonging
to symmetry class D with Z2 topological invariant.
The evolution operator is UˆT = e
−iHˆ2T2e−iHˆ1T1 , where
Hˆj = hj(k) · σ (j = 1, 2). A unitary transforma-
tion Gˆ1 = e
iHˆ1T1/2 converts it to Uˆ ′T = Uˆ
′
1Uˆ
′
2 with
Uˆ ′1 = e
−iHˆ1T1/2e−iHˆ2T2/2 and Uˆ ′2 = e
−iHˆ2T2/2e−iHˆ1T1/2.
According to Eq. (2), we have Uˆ ′j = ε
′
jI2×2 + ir
′
j ·σ with
ε′1 = ε
′
2 and r
′
j = (−1)jah1 × h2 − bh2 − ch1, where a =
sin |T1h1/2| sin |T2h2/2|, b = cos |T1h1/2| sin |T2h2/2|,
and c = cos |T2h2/2| sin |T1h1/2|. Then we can obtain
Uˆ ′T = ε
′I2×2 + ir′ · σ with ε′ = (ε′1)2 − r′1 · r′2 and
r′ = 2h1(−ε′1c+ ach1 · h2 + ab)
−2h2(ε′1b+ ac+ abh1 · h2). (A1)
Equation (A1) reveals that if h1(k) and h2(k) have the
same symmetry with the same symmetry operator, then
6FIG. 6. (a) Quasienergy spectrum, (b) Majorana number, and (c) winding number with the change of T2 for the 1D case. The
green ♦, blue +, red ◦, brown ∗, and pink  symbols denote the cases of one, two, three, four, and six degenerate edge modes,
respectively. (d) Trajectories of h′eff(k) for the duration of T (red dashed lines) and T + ∆T (blue solid lines) by crossing the
phase boundaries of k = pi by F for mz−2eiαv0 > 0 with (T2, T2 +∆T )Er/pi = (8.14, 8.16). Other parameters are mz = 0.5Er,
v0 = 0.15Er, vso = 0.25Er, and T1 = 0.6pi/Er.
Uˆ ′T would inherit their symmetry. The similar result can
be obtained by Gˆ2 = e
iHˆ2T2/2, which converts UˆT into
Uˆ ′′T = Uˆ
′
2Uˆ
′
1.
Consider that both of hj(k) in the 1D case possess the
chiral symmetry. Choosing T1 6= T2, the symmetry in
heff(k) determined by UˆT would be broken. Its topolog-
ical property is characterized by the Majorana number
M≡ sgn[heff(0) · heff(pi)]z [57, 58]. We readily find
M = sgn[sin(T (mz + 2v0)) sin(T (mz − 2v0))]. (A2)
Following the discussion above, the unitary transforma-
tion Gˆj makes h
′
eff(k) preserve the chiral symmetry of
hj(k). Thus, its topological property is characterized by
the winding number. This gives us another way to real-
ize large topological numbers. It has been proven that
the number of 0- and pi/T -mode edge modes relates to
the winding number W ′ determined by Uˆ ′T and W ′′ de-
termined by Uˆ ′′T as [58]
N0 =
|W ′ +W ′′|
2
, Npi/T =
|W ′ −W ′′|
2
. (A3)
We plot in Figs. 6(a)-6(c) the quasienergy spectrum,
the Majorana numberM determined by UˆT , the winding
number W ′ determined by Uˆ ′T , and W ′′ determined by
Uˆ ′′T with the change of T2, respectively. With increasing
T2, the gap is closed and reopened at T2Er/pi = 0.65,
3.15, 4.4, 5.65, and 8.15 for the quasienergy pi/T , and
T2Er/pi = 1.9, 4.4, 6.9, and 9.4 for the quasienergy 0.
They are clearly reflected byM, W ′, and W ′′. However,
M only characterizes the parity of the numbers of the
formed edge modes (M = −1 for odd pairs and M = 1
for even pairs), while N0 and Npi/T obtained by recom-
bining ofW ′ andW ′′ according to Eq. (A3) equal exactly
to the numbers of the zero- and pi/T -mode edge modes.
Therefore, via the unitary transformations, we have per-
fectly recovered the bulk-edge correspondence in the Z2
system. In Fig. 6(d), we show the trajectory of h′eff(k)
crossing the quasienergy pi/T for the band-touching point
k = pi. According to Eq. (12), h′eff(k) for mz + 2v0 > 0
crosses pi/T along the −y direction. The corresponding
W changes from −5 to −6. This verifies again our result
for the changing rule of the topological number.
Appendix B: Phase transition condition and
bulk-edge correspondence in the 2D case
In this appendix, we give the derivation of phase tran-
sition condition and the change rule of the topological
number in the periodically quenched 2D system.
According to Eqs. (3)-(5), the boundaries of the
quasienergy band closing are determined as follows.
Case I: Tj |hj(k)| = njpi. In the neighbourhood of
the band-touching point satisfying this condition, i.e.,
Tj |hj(k)| = njpi − j with j being an infinitesimal, we
obtain heff(k) = (−1)n1+n2+1[2h2(k) + 1h1(k)]/T1,2 .
Then we have
lim
j→0
∂pheff(k) = lim
j→0
(−1)n1+n2+1
T1,2
[2∂ph2(k)
+1∂ph1(k)] = 0, (B1)
where p = kx or ky. It indicates that at the direction of
phase transition, the chirality Ch(k) is zero. Thus, this
case has no contribution to the phase transition.
Case II: h1(k) = −h2(k). Equation (3) de-
termines that the bands touch at k0 = (kx, 0, kz)
satisfying (cos kx + cos kz) =
mz
2v0
. Substituting
this condition into Eq. (4), we obtain (T1 −
T2)2vso
√
sin2 kx + sin
2 kz = npi. In the neighborhood
of k0, i.e., (T1 − T2)2vso
√
sin2 kx + sin
2 kz = npi − , we
have
7FIG. 7. (a1-d1) Quasienergy spectra and (a2-d2) lattice distribution of the edge modes with positive group velocity ∂kxε for
the 2D case. The parameters (TEr/pi, v0/Er) are (1.8, 0.1) in panel (a), (2.1, 0.1) in panel (b), (0.3, 0.3) in panel (c), and
(2.6, 0.1) in panel (d). The solid and dashed lines in (d2) denote the 0- and pi/T -mode states, respectively. Other parameters
are mz = 0.5Er, vso = 0.28Er, and T1 = 0.7T .
lim
→0
∂kxheff(k)
∣∣
k→k0 =
8v0vso sin |T1h1(k)| sin |T2h1(k)| sin kx
T |h1(k)|2 [sin kx,− sin kz,
|h1(k)| sin |Th1(k)|
4vso sin |T1h1(k)| sin |T2h1(k)| ], (B2)
lim
→0
∂kzheff(k)
∣∣
k→k0 =
8v0vso sin |T1h1(k)| sin |T2h1(k)| sin kz
T |h1(k)|2 [sin kx,− sin kz,
|h1(k)| sin |Th1(k)|
4vso sin |T1h1(k)| sin |T2h1(k)| ], (B3)
which lead to ∂kxheff(k)×∂kzheff(k) = 0. Thus this case
cannot induce a topological phase transition either.
Case III: h1(k) = h2(k). Equation (3) requires k0 =
(α, β) with α, β = 0 or pi. From Eq. (4), we have
n = T |mz − (2eiα + 2eiβ)v0|/pi, (B4)
which determines the phase boundaries.
To reveal how C changes when T crosses the phase
boundaries, we examine the changing rate of heff(k)
across the quasienergy 0 or ±pi/T at k0 in both
the kx and kz directions, i.e., lim→0 ∂kxheff(k)|k→k0
and lim→0 ∂kzheff(k)|k→k0 at T = T − . Using
hj(α + e
iαδ, β) = [0, (−1)j2vsoδ, q], hj(α, β + eiβδ) =
[(−1)j2vsoδ, 0, q] with δ being an infinitesimal, and Eq.
(2), we have
heff(α+ e
iαδ, β) =
1
T
[
4vsoδ
q
sin |T1q| sin |T2q|, 2vsoδ|q| sin(T2 − T1)|q|, sgn(q) sin |Tq|], (B5)
heff(α, β + e
iβδ) =
1
T
[
2vsoδ
|q| sin(T2 − T1)|q|,
−4vsoδ
q
sin |T1q| sin |T2q|, sgn(q) sin |Tq|], (B6)
where q = mz − 2v0(eiα + eiβ). Remembering n ∈
Z, we conclude that the band touching occurs at the
quasienergy sgn(q)pi/T for odd n and 0−sgn(q)/T for even
n. The changing rates of heff(k) at k0 are
8lim
→0
∂kxheff(k)|k→k0 =
4vsoe
iα
qT
[sin |T1q| sin |T2q|, sin(T2 − T1)q
2
, 0], (B7)
lim
→0
∂kzheff(k)|k→k0 =
4vsoe
iβ
qT
[
sin(T2 − T1)q
2
,− sin |T1q| sin |T2q|, 0]. (B8)
Then ∂kxheff(k) × ∂kzheff(k)|k→(α,β) =
− 16v2soq2T 2 ei(α+β)[0, 0, sin2 |T1q| sin2 |T2q| + sin
2(T2−T1)q
4 ].
The chirality of band-touching points can be calcu-
lated as Ch[k = (0, 0)] = Ch[k = (pi, pi)] = −1 and
Ch[k = (0, pi)] = Ch[k = (pi, 0)] = +1. Using Eqs. (B5)
and (B6), we have
sgn[heff(α, β)|T+]z = sgn(q)sgn[sin |q(T + )|]
= sgn(q)sgn[(−1)n′], (B9)
sgn[heff(α, β)|T−]z = sgn(q)sgn[sin |q(T − )|]
= sgn(q)sgn[(−1)n+1′], (B10)
where Eq. (11) is used and ′ = |q|. According to
∆C(k0) = Ch(k0)2 [sgn[heff]z|T+ − sgn[heff]z|T−], we ob-
tain
∆C[k = (0, 0)] = sgn[(−1)n+1(mz − 4v0)], (B11)
∆C[k = (pi, pi)] = sgn[(−1)n+1(mz + 4v0)], (B12)
∆C[k = (0, pi)] = ∆C[k = (pi, 0)] = sgn[(−1)nmz].(B13)
The bulk-edge correspondence in the 2D case can be
revealed from the quasienergy spectra and site distribu-
tion of edge modes with positive group velocity ∂kxε (see
Fig. 7). Figure 7(a1) has only one pair of pi/T -mode edge
states. The corresponding C = 1 is uniquely contributed
by one of the pair with positive group velocity, which re-
sides on the left edge [Fig. 7(a2)]. Thus the pi/T -mode
left-edge state contributes 1 to C. Similarly, Figs. 7(b1)
and 7(b2) indicate that the pi/T -mode right-edge state
contributes −1 to C, while Figs. 7(c1) and 7(c2) show
that the 0-mode right-edge state contributes 1 to C. Fig-
ure 7(d1) has one pair of 0-mode and one pair of pi-mode
edge states. The pi-mode state resides on the right edge
and thus contributes Cpi = −1. The 0-mode state resides
on the left edge and gives C0 = −1. Then the total Chern
number C = C0 + Cpi = −2 can be justified.
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